The deterministic Landau-Lifshitz-Gilbert equation has been used to investigate the nonlinear dynamics of magnetization and the specific loss power in magnetic nanoparticles with uniaxial anisotropy driven by a rotating magnetic field. We show that a more efficient heat generation by magnetic nanoparticles is possible if the direction of the rotating external field changes periodically and we suggest its possible experimental realization in cancer therapy which requires the enhancement of loss energies.
I. Introduction.-Hyperthermia has been widely studied as adjuvant therapy addition to standardized chemotherapy and radiotherapy in patients with different cancers [1] . Among many forms of hyperthermia, the local induction of hyperthermia via magnetic nanoparticles seems a fruitful strategy, with promising preclinical results in different cancer modes [2] . The unique feature of magnetic nanoparticle hyperthermia is that the energy is transported in the body by means of an ac magnetic field. At present the clinical application is partly limited due to the efficacy of the heat transfer and controllability of temperature parameters [3] . Thus, the study of relaxation mechanisms of magnetic nanoparticles is a very active research field both in its theoretical and materialscience aspects.
Among many controllable parameters, the applied ac magnetic field is one of the most easily variable to increase the efficiency of heat generation. Indeed, there is an increasing interest in the literature to consider the case of rotating external magnetic field [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] instead of the commonly applied alternating one, see for example [14] . Some of these studies argue that the use of the rotating applied field is favourable, other works support the alternating magnetic field. However, it was also shown, see e.g. [11] that the effect of thermal fluctuation results in a small difference between the heating efficiency of the rotating and alternating applied fields in the limit of small frequency suitable for hyperthermia with isotropic nanoparticles. Magnetic anisotropy which is inevitably present in magnetic nanoparticles, can change this picture. For example in Ref. [12] , we have shown that uniaxial anisotropy significantly affects the behavior of magnetic nanoparticles, in particular, an easy-axis anisotropy turned out to decrease the calculated loss power.
Instead of trying to decide whether a linearly or circularly polarised external magnetic field is suitable for magnetic nanoparticle hyperthermia, here we propose a new type of applied field, which is "rotating and alternating at the same time". In particular, we demonstrate that a more efficient heat generation by magnetic nanoparticles is possible if the direction of the rotating external field changes periodically and the particles exhibit a relatively large anisotropy. We show results of this new and successful attempt which enhances the loss energy drastically by means of abrupt changes in the applied magnetic field (sudden change of the direction of the rotating field after every circle). We argue that the loss energy achievable by changing the direction of a rotating field is worth to study as a possible tool to enhance the heat in hyperthermia. The calculation has been done for a single, simple configuration, but the stunning result is worth checking experimentally. Indeed, we propose another new type of rotating applied field which has a periodically alternating direction, similarly to the case of "sudden change" studied in the present work but with a feature of being more suitable for experimental realisation.
II. Landau-Lifshitz-Gilbert equation.-Out of the many phenomenological equations of motion for the relaxation of magnetization [15] the Gilbert equation [16] has proved to give the most realistic description of the dynamics of single-domain magnetic particles at strong damping. Such a particle, being too small to accommodate a domain wall, can be fully characterized with a single vector, its magnetic moment m. An important feature of Larmor precession is that |m| = m S does not change under the influence of the external field, including the anisotropy field. Hence it is convenient to rewrite the equation of motion of the magnetization m of a single-domain particle in terms of the unit vector M = m/m S , m S being the saturation magnetic moment (e.g. m S ≈ 10 5 A/m for single crystal Fe 3 O 4 ). Then the Gilbert equation reads as
where γ 0 = 1.76 × 10 11 Am 2 /Js is the gyromagnetic ratio of the electron spin (with opposite sign), µ 0 = 4π × 10
2 ) is the permeability of free space, V is the potential energy and η is the damping factor, both of them normalized for unit M . To describe the system, the potential energy must contain the Zeeman energy in the external applied magnetic field −µ 0 M · H ext (here we chose a rotating one) and the anisotropy energy
We define the vector H eff , which contains the external applied magnetic field and the effect of the anisotropy of the magnetic particle (2) where ω is the angular frequency of the applied field, M z is the z-component of the normalized magnetization vector and λ eff = H a /H 0 . Clearly, if λ eff > 0, the anisotropy will turn the magnetization towards the zaxis, if λ eff < 0, into the xy-plane. Giordano et al. [18] treated the shape anisotropy of the isotropic ellipsoidal particles using a different notation, where L is the parameter giving the deviation from spherical symmetry. The link to our parameters is H a = (3L − 1)m S . Although, our model does not specify the source of anisotropy, given the material used in hyperthermia, we have to deal with shape anisotropy. Since the effective anisotropy field of magnetite (Fe 3 O 4 ) related to magnetocrystalline anisotropy is 41.6 kA/m [20] , the anisotropy barrier of a sphere of diameter 10 nm is 0.67 × 10 −21 J, whereas k B T = 4.37 × 10 −21 J at 44
• C, so that in hyperthermia thermal fluctuations of the nanoparticles will wipe off the anisotropy of the spherical particles. On the contrary, the effect of shape anisotropy remains significant up to temperatures far above from what is allowed in hyperthermia [18] . Equation (2) implies a uniaxial anisotropy with a potential energy −(µ 0 /2)H 0 λ eff M 2 z , which has its minima at |M z | = 1 for λ eff > 0 and M z = 0 for λ eff < 0. Two ellipsoids of revolution have the shapes with the geometry of this energy: for λ eff > 0 oblate (cigar-shape) and for λ eff < 0 prolate (lens shape).
The Gilbert equation (1) can be rewritten in such a way that it has a functional form similar to the LandauLifshitz equation [17] . This is called the Landau-LifshitzGilbert (LLG) equation,
where γ ′ = µ 0 γ 0 /(1 + α 2 ) and α ′ = γ ′ α with the dimensionless damping factor α = µ 0 γ 0 ηm S (e.g. α ≈ 0.3 for rare earth transition metals [18] ).
Writing Eq. (3) in polar coordinates (M, θ, ϕ) allows to drop the constant (M), leaving but two equations:
where ω L = H 0 γ ′ and α N = H 0 α ′ . Note that (4) is written in a new coordinate system rotating with the applied field: the azimuthal angle (ϕ) has been cut into the rotation (ωt) and a measure (φ) of the lag of M with respect to the rotation of the applied field:
The left sides of (4) being derivatives of angles with respect to time, the units of all terms in the equations must be s −1 (their dimension can be taken of introducing a dimensionless "time"t = t/t 0 ).
Knowing that in the practice [19] H 0 ≤ 18 kA/m we find that ω L is of the order of 10 9 Hz. In hyperthermia the frequency of the applied field is advised to be chosen between 10 5 and 5 × 10 5 Hz, so that ω is four orders of magnitude below
III. Steady state solution of the LLG equation.-The solution of Eq. (4) is shown in Fig. 1 for a particular set of (dimensionless) parameters given in the caption. As expected below the critical value of the anisotropy |λ eff | < λ c , only a single attractive fixed point appears [12] , which corresponds to a steady state solution of the original LLG equation (3),
where u x0 and u y0 are determined by ω, ω L , α N and λ eff . The loss energy is calculated using these attractive fixed point solutions in the formula for the energy dissipated in a single cycle,
(see also Eq.(12) in [12] ) which has the following form in the low-frequency ω ≪ α N and small anisotropy |λ eff | ≪ 1 limits
It is clear that for positive (negative) λ eff the energy per cycle is decreased (increased) by the anisotropy albeit for relatively large frequencies. Since λ eff appears only at the next-to-leading terms, if one takes the lowfrequency limit (ω → 0) the effect of anisotropy is irrelevant. This result has been discussed in [12] and can be seen in Fig. 2 , which shows that for |λ eff | < λ c , and for small frequencies, the loss energy per cycle becomes identical to that in the isotropic case, independently of the sign of λ eff . For large anisotropy, |λ eff | > λ c , the loss energy per cycle tends to zero for λ eff > 0 , and to a constant (almost identical to the isotropic value if ω → 0) for λ eff < 0. Similar observation holds for the loss energies in the steady states which exist only above the critical anisotropy, see the dashed lines in Fig. 2 . For low frequencies, the dashed lines tend to zero for λ eff > 0 and to a constant for λ eff < 0. As to the application in hyperthermia, these results confirm that particles of lens shape provide an enhanced loss energy, but at the allowed frequency the effect is not significant. IV. Loss energy per cycle out of the steady states.-Up to now, we studied the loss energy per cycle calculated at the steady state solution of the LLG equation (i.e. at the attractive fixed point of Fig. 1 ). However, it is a relevant question to address whether one can find a larger loss energy in a single cycle if it is calculated out of the steady states. Indeed, in the 3D-plot of Fig. 3 we show the loss energy obtained in the first cycle of the external field as a function of various starting points on the (θ, φ) plane. Note that in the low-frequency limit (suitable for hyperthermia), the solution of the LLG equation always tends to the attractive fixed point very rapidly, i.e. it reaches the fixed point with one percent accuracy in a quarter of a full circle. In Fig. 3 the "well" corresponds to the attractive fixed point which produces us the lowest loss energy per cycle while the "hill" where the loss energy is the maximum is related to initial conditions taken at the repulsive fixed point. Though, the results displayed in Fig. 3 are obtained numerically, an approximative analytic derivation is available for the isotropic case (λ eff = 0) in [7] . Since the approximate solution to the LLG equation (Eq.(29) of [7] ) depends on the initial values of the cartesian coordinates linearly, the loss energy per cycle has a linear dependence on the initial cartesian coordinates as well. Thus, rewriting it by polar coordinates one finds E/(1st cycle) = A sin(θ) cos(φ) + B sin(θ) sin(φ) (8) where A, B constants depend on the parameters ω, ω L , α N which is in agreement to the numerical result of Fig. 3 obtained for small anisotropy. This preliminary result does not define a new method to enhance the loss energy but the difference between the maximum and minimum on Fig. 3 being two orders of magnitude larger than what can be achieved in the steady state, is encouraging for further research on non-steady states.
V. Rotating field with periodically changed direction.-As a new idea let us consider the loss energy per cycle in case of a rotating applied magnetic field where the direction of rotation is changed periodically, i.e., after every full cycle the sign of ω is switched in (2) . By changing the direction, the position of the steady state solution is changed, i.e. for ω > 0 (ω < 0) it is below (above) the equator of the orbit map. Thus, the magnetization vector always tends from a disappearing steady state to an arising one. Note that we do not calculate this effect above λ c because in that case more than one stable steady state solutions appear. The outcome is plotted in Fig. 2 , with dotted lines.
For high frequencies (ω = 0.15 and ω = 0.1), irrelevant to the sign of λ eff , there is an increase in the loss energy, tending to constant values close to λ c . The effect is larger for λ eff > 0, because in this case the positions of the steady state solutions (for ω < 0 and ω > 0) are far from each other.
For low frequencies (ω = 0.001) the situation completely changes as the loss energy for λ eff > 0 becomes larger than any other calculated values, including those found for λ eff < 0. For example in the case of α N = 0.05, the loss energy monotonously increases with λ eff , reaching a value that is about 15 % larger as compared to the isotropic case near (below) λ c , see Fig. 4 . Therefore, a more efficient heat generation is possible for physical values of the damping (α N ∼ 0.3ω L = 0.06), near the critical anisotropy λ eff = λ c ≈ 1 (which implies L ∼ 1.18/3 according to Ref. [18] ) if the direction of the rotating applied field is changed periodically. VI. Proposal for experimental realisation.-Finally, let us propose a new type of "rotating" applied field which has a periodically alternating direction, similarly to the case carefully analyzed above but with a feature of being more suitable for experimental realization. Although, let us note that a "sharp change" in the direction of the rotating field which is studied previously is also doable in practice. Our proposal for the applied field is H eff = H 0 (cos(2ωt), sin(ωt), λ eff M z ), (9) where the 2ω of the cosine naturally provides us with the required change in the direction in every half cycle. Well separated and oriented anisotropic nanoparticles in an aerogel matrix can serve as a good experimental setup to realize the enhanced loss energy in case of an applied field as in Eq. (9) . In this work we showed that a more efficient heat generation by magnetic nanoparticles is possible if the direction of the rotating external field changes periodically. Based on this finding, we make a proposal to apply a magnetic field regularly stopping its rotation, which should increase the loss energy.
